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1. Po60Ty npucBsS4€HO PO3POOL Ta TEOPETUYHOMY OOIPYHTYBAHHIO MATEMATUYHOI MOJIeJli 3TOPTKOBOI HETPOHHOI
Mepexi Ha OCHOBI 6araro3HauyHux HelipoHiB (CNNMVN), opieHTOBaHOI Ha pO3B’s13aHHS 3a71a4 pPO3Mi3HABaHHS Ta
xiacudikauii oopasis. COOpMOBaHO LiIiICHY MaTeMaTUYHY OCHOBY, 110 3abe3euye (popMali3oBaHUI OUC
3TOPTKOBUX LIAPIB i iX PYHKIIOHYBaHHS. 3alIpONIOHOBAHO [1BA TUIIU 3rOPTKOBUX SIIep — OGHOKAaHAJbHi Ta
6araToKaHaJbHi, BCTAHOBJIEHO iX BiIMiHHOCTI Ta BIJIUB HA CKJIAHICTS i edekTUuBHICTh Moaeri. [TokazaHo, mo
GaraTokaHaJlbHi si7ipa 3a0€3I1e4yI0Th CTablIbHIlYy poOOTY, Y3rOKeHy 3 KIlacMYHUMU apxiTekTypamu CNN.

[TpoananizoBaHo mapu CyoAMCKpETH3allii, afanToBaHi 15 KOMIJIEKCHO3HAYHUX AaHUX. PO3ryisHyTO



yCepeHIOIYMI Ta MaKCUMAaJbHU MiTX0I1, BCTAHOBJIEHO, 10 YCEPEIHEHHS € Oi/IbLI IPUPOAHUM IJ151
KOMILJIEKCHUX YHCeJI, TOAi SIK Cy6AMCKPeTH3allisi a MaKCUMyMOM I1O0Tpebye MolepeiHbOro BUOOPY XapaKTepUCTUKU
(ammitygu abo ¢azmn), 10 3yMOBJIIOE CYyO'€KTUBHICTh MeTony. OCO6JIMBY yBary NpuiileHO MeXaHi3MaM 3BOPOTHOTO
[IOLIMPEHHS IIOMUJIKY. 3alIPOIIOHOBAHO HETPALieHTHUH MiAXif onTumizaiii y mpoCTOpi KOMIIJIEKCHUX YMCETT Ha
OCHOBI pi3HULI MiXK 6a’)KaHMMU Ta (PAKTUIYHUMU BUXOZAMU Mozei. ONMcaHO NOMMUPEHHS TOMUIIKU MiX
[IOBHO3BSI3HUMH Ta 3rOPTKOBUMH IIapaMy, a TAKOX CUTYallii, KoM MDK HUMU PO3MIillleHO mapy CyOAUCKpeTH3aliii.
J7151 y3arasbHEHHS aJIrOPUTMY HaBYaHHS aallTOBAaHO IIPMHLMII OAiNTy NOMUIIKU (error-sharing principle)
OpHUriHaJIbHO 3aMpONOHOBaHOro At MLMVN, 1o 3a6e3nedye OHOBJIEHD Bar 3 ypaxyBaHHSM 6araTO3HA4HOI
npupoau HelpoHiB. [TokazaHo, mo 3ropTkosi mapu CNNMVN e y3arasibHeHHSIM IOBHO3B's13HUX apiB MLMVN: y
pasi Koy po3Mipy 3ropTKOBOTO S7ipa Ta BXiJHUX JAHUX PiBHi, TO olepalis 3ropTKY BiITBOPIOE ITOBEIiHKY HEUPOHIB
[IOBHO3B's13HO] apxiTekTypu. [IpoananizoBaHo creuu@iky KOpeKLii TOMUJIOK Ha 3rOPTKOBUX MIAPax, e OHE SIIPO
(dhopMye MHOXMHY BUXOZIB, 110 IOTPeOye arperyBaHHs OTPMMAHUX IIOMUJIOK. 3alIpONIOHOBAHO YHiBEpPCAIbHUIA
aJITOPUTM KOPeKIlii, 3acCHOBaHUH Ha 6aTyeBoMy HaByaHHi MLMVN. OkpeMo 3aliponoHOBaHO HOBUM Miaxin -
BHMKOPHMCTaHHSI IOBHO3B's13H0I Mepexki MLMVN K 3ropTkoBoi y 4acTOTHil o6sacti. TeopeTuyHe NifIpyHTs LbOro
IiAXOMy CIIMPAETLCS HA TEOPEMY IIPO 3rOPTKY, KA BCTAHOBJIIOE €KBiBaJIEHTHICTh MiXK IIPOCTOPOBUM Ta YaCTOTHUM
IIpeJCTaBJIEHHSIM CUTHAJIIB i 3a6e31e4yeThCsl BUKOPHUCTAaHHIM riepeTBopeHHs Pyp'e. Lle 1o3Bosisie iHTeprnpeTyBaTu
oIepallilo 3TOPTKM Yy YaCTOTHii 06J1aCTi SIK IOKOMIIOHEHTHE MHOXKEHHSI KoeilLieHTiB criekTpa Qyp'e siapa 3ropTKU
Ha BianosigHi koedilientucnekrpa Oyp’'e curany. MeTos 06MeKeHUI HEMOXKIIMBICTIO KaCKalyBaHHS KiJIbKOX
3rOPTKOBUX LIAPIB, ajle JEMOHCTPY€E BUCOKY €(PEeKTUBHICTD B 33[1a4ax, Je (a30Bi CKIa0Bi POPMYIOTHCS
6e3rnocepenHbO 3 iIHTEHCUBHOCTEU MiKkcesiB. [J1s1 3MeHIIeHHSI 0OUKCIII0OBAIbHOI CKJIAIHOCT] 3aITPOITOHOBAHO
4acTOTHY CyOAMCKpeTU3allilo, sIKa Iepefdadyae BUKOPUCTAHHS JIMIIE YacTUHU criekTpa Oyp’'e Ta BogHO4YAC
MOKpallye 30aTHICTb MOJIEJIi 10 po3mi3HaBaHHs. JIJIs1 OLiHIOBaHHS Y3arajbHIOY0i CIIPOMOKHOCTI peasi3oBaHO
nporpamue 3abesnedyeHHss Ha MATLAB ta mpoBeneHo ekciepumeHTH Ha martacetax MNIST i Fashion-MNIST.
JocninKeHo TOIoorii 3 0AHUM i BOMA 3rOPTKOBUMHU IIapaMU, a TaKOXX pOOOTY alallTOBAaHUX aJITOPUTMIB
cyoauckperusauii. PesysbraTi nifTBepauiau €(peKTUBHICTh MOAEJEN, 30DKHICTb IIPOLIECY HAaBYaHHS Ta CTA0I/IBHICTD
po6ot CNNMVN. EkcriepyMeHTasIbHi JOCIiIPKEHHS TaKOX POAEMOHCTPYBAJIH, 0 Ha Mi3HiXeTanax HaBuYaHHS
CNNMVN, Koy TOuHiCTb Kacudikaliii Mepexi focsrae BifHOCHO BUCOKUX 3Ha4€Hb, PiB€Hb IOMUJIKY IIOCTYIIOBO
3MEHIIYETHCS, i B CUCTEMI CIIOCTEPIraeThCs SBUILE TaK 3BAHOTO «3aTyxXaHHS IOMUJIOK». [17151 BMEHIIEHHS BILJIMBY
HagMmipHOi HOpMasizanii 6y0 po3pO6IEHO Ta 3aIIPOIIOHOBAHO CIIEeliaIbHUM MEeXaHi3MaJallTUBHOTO HaBYaHHS IJ1s1
CNNMVN. Horo 11o0y10Ba BPaxoBYe K e(eKT 3aracaHHs IOMUJIOK y IMINOOKMX 1Iapax, TakK i BIJINB HAAMIpHOi
HOpMauti3allii, 11049aCTO [IPU3BOAUTD 10 YIIOBIJIbLHEHHS HaBYaHHS Ta 3HWDKEHHS 3JaTHOCTI MEPEXi T0y3arajibHEHHS.
Bin Bitouae MacmTabyBaHHS HOpMaslizalilHUX KoedillieHTiB Ta PeryJl0BaHHs BEJIMYMHY BarOBUX KOPEKIii
3aJ1€KHO BiJl IOTOYHOI TOYHOCTI Kynacudikalii, 3a6e3nevyyoun rHydKimlly oNnTuMizaliio. 3 MeTO0 IJIMomoro
PO3yMiHHS pOoOOTH 3rOPTKOBUX I1apiB Ha 6araTo3HayHUX HEMPOHaX Ta 34aTHOCTI MepexKi 10 y3arajbHeHHs 010
IIPOBEJEHO aHaJli3 3TOPTOK i siAep, CPOpPMOBaHUX Y IIpoLeci HaBYaHHSL. [171s1 IbOro 3aCTOCOBAHO METOAU
CIIEKTPAJILHOTO aHasli3y, SKi Aaju 3MOTY AOCIIOUTY MOBEIHKY 3TOPTKOBUX SAL€EP K Y IIPOCTOPOBIi, TaK iy
4JacToTHIN 067acTsx. [Tokazano, mo CNNMVN 3patHa BULisATH KIIIOUOBi IPOCTOPOBi 03HAKU 300pasKeHb — KOHTYPH,
JIiHil Ta CTPYKTYPHi €JIeMeHTH, a TAaK0>XX BUKOHYBATU (QibTPallilo YaCTOTHUX KOMIIOHEHT, 10 PO3IIMPIOE

MOKJIMBOCTI i 3aCTOCYBaHHS y 33Jja4ax CIEKTPAJIbHOTO aHali3y.

2. This paper is devoted to the development and theoretical justification of a mathematical model of a
convolutional neural network based on multi-valued neurons (CNNMVN), designed for pattern recognition and
image classification tasks. A comprehensive mathematical framework is formulated, providing a formalized
description of convolutional layers and their functional properties. Two types of convolutional kernels: single-
channel and multi-channel are proposed, and their differences and impact on model complexity and performance
are examined. It is shown that multi-channel kernels provide more stable behaviour, consistent with classical CNN
architectures. Subsampling layers adapted for complex-valued data are analysed. Both average and max pooling
approaches are considered, and it is shown that averaging is more natural for complex numbers, whereas max
pooling requires prior selection of a characteristic (amplitude or phase), which introduces subjectivity into the



method. Special attention is given to the mechanisms of error backpropagation. A non-gradient optimization
approach in the complex domain is proposed, based on the discrepancy between the desired and actual outputs of
the model. Error propagation between fully connected and convolutional layers is described, including cases
where subsampling layers are placed between them. To generalize the learning algorithm, the error-sharing
principle originally introduced for MLMVN is adapted for CNNMVN, ensuring weight updates that properly
account for the multi-valued nature of the neurons. It is demonstrated that convolutional layers in CNNMVN
generalize fully connected layers of MLMVN: when the dimensions of the convolutional kernel match those of the
input, the convolution operation reproduces the behaviour of a fully connected architecture. The specifics of error
correction in convolutional layers are analysed, where a single kernel produces multiple outputs and thus requires
aggregation of the resulting errors. A universal correction algorithm based on batch learning in MLMVN is
proposed. A separate contribution is a novel approach in which a fully connected MLMVN network is used as a
convolutional operator in the frequency domain. The theoretical foundation relies on the convolution theorem,
which establishes the equivalence between spatial and frequency-domain representations via the Fourier
transform. This allows convolution to be interpreted as element-wise multiplication of the Fourier spectra of the
kernel and the signal. Although the method cannot directly support cascaded convolutional layers, it shows high
effectiveness in tasks where phase components are derived from pixel intensities. To reduce computational
complexity, frequency-domain subsampling is introduced, which uses only a subset of Fourier coefficients and
simultaneously improves recognition capability. To assess generalization performance, MATLAB-based software
was implemented, and experiments were conducted on the MNIST and Fashion-MNIST datasets. Network
topologies with one and two convolutional layers were studied, as well as the behaviour of the adapted
subsampling algorithms. The results confirm the efficiency of the models, the convergence of the learning
algorithms, and the stable performance of CNNMVN. Experiments further show that at later stages of training,
when classification accuracy becomes relatively high, the error level gradually decreases, producing an effect
known as “error attenuation.” To mitigate the impact of excessive normalization, a dedicated adaptive learning
mechanism is introduced for CNNMVN. This mechanism accounts for both the attenuation of errors in deeper
layers and the effect of over-normalization, which often slows learning and reduces generalization ability. It
combines scaling of normalization coefficients with adaptive adjustment of weight updates based on current
classification accuracy, resulting in more flexible optimization. To deepen understanding of convolutional
behaviour in multi-valued neuron networks and their generalization capability, convolution operations and trained
kernels were analysed using spectral methods. This analysis enabled the study of kernel behaviour in both spatial
and frequency domains. The results show that CNNMVN can extract key spatial features: contours, edges, and
structural elements and can also filter frequency components, expanding its applicability to tasks involving
spectral data analysis.
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